
5. Equatorial waves

5.1. Classification of waves in geophysical fluids near equator 
5.2. Zonal-vertical (Walker) circulation
5.3. Atmosphere-ocean interaction: ENSO (and IOD) 
5.4. Wave-mean flow interaction: QBO (and SAO) 

 Horizontal (in particular, zonal) homogeneity 

→ waves/oscillations (with sufficiently small amplitudes and zero zonal mean)

 Quasi-periodic forcings:  solar annual/diurnal cycles, continental distribution (with IMC) 

 Small amplitude → Equation linearization 

→ Orthonormal (Fourier-Laplace, cylindrical, spherical) expansions

→ Normal (one-dimensional) differential or algebraic equations  

→ General (fundamental) solutions and wave dispersion relations (classification)

 Merits of linear wave theory application to atmospheric/oceanic phenomena: 

- Predictability and observation planning 

- Energy/momentum budget  

Governing equaƟons → Wave soluƟons 
→  Dispersion relaƟons (of frequency & wavenumbers)

Polarization relations (of amplitudes of u, v, w, T, φ)



Wave equation and solutions

• Wavelike spatial pattern of a quantity : 

଴

where : amplitude, : wavelength, : wavenumber, : phase velocity, 
: period, : frequency, x0: lag, ଴: phase shift. 

• Complex form: 

where ି௜ఋ is called complex amplitude.   

• “Wave equation” which has the wave solution :
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• “Dispersion relation” by substituting into the wave equation: 
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l, m, ω: same sign
Phase: up-/north-ward
Energy: down-/north-ward

l, m: same; ω: opposite sign
Phase: down-/south-ward
Energy: up-/south-ward

l, ω: same; m: opposite sign
Phase: down-/north-ward
Energy: up-/north-ward

m, ω: same; l: opposite sign
Phase: up-/north-ward
Energy: down-/north-ward



Pair of internal waves        ＝ Convection

ψ＝ cos (kx＋mz) Ψ＝cos (kx＋mz)－cos (kx－mz)

＝ －2sinkx sinmz

Plain monochromatic wave far/free from boundary

ψ＝ cos (kx－mz)

On solid boundary (w = 0 at z = 0)

＋ ＝

x/(2π|k|) x/(2π|k|) x/(2π|k|)
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Traveling: [＋x direction]    ψ＝ cos (kx＋mz－ωt) －cos (kx＋mz－ωt) ＝－2 sin (kx－ωt) sin mz
[－x direction]    ψ＝ cos (kx＋mz+ ωt) －cos (kx＋mz+ ωt) ＝－2 sin (kx＋ωt) sin mz

Wavenumber (k, (l,) m) and frequency (ω) are defined by governing equation (or dispersion relation). 
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Quasi-Stat. Conv.( |Westward| ＝ |Eastward|)
Stationary convection

Eastward component
ψ＝ cos (kx＋mz－ωt) 

－cos (kx＋mz－ωt)
＝－2 sin (kx－ωt) sin mz

Westward component
ψ＝ cos (kx＋mz+ ωt) 

－cos (kx＋mz+ ωt) 
＝－2 sin (kx＋ωt) sin mz

( |Wetward| ＞ |Eastward| )

Westward traveling convection

|Westward| ＜ |Eastward|

Eastward traveling convection



Bernhard Haurwitz
(1905 – 1986)

(westward) (eastward)

Zonal wavenumber
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(Haurwitz, 1937; redrawn in Matsuno & Shimazaki, 1981)



 Weak annual (seasonal) cycle: 
・ Solar radiation:  Reverse between hemispheres
・ Monsoon:  annual but not symmetric
・ Social annual cycles (except for Muslims) 

Transmigrations, agricultural, forest burnings, … 、
 Non-annual variations ⇒ Temporal representability of observational data 

・ Interannual:  (Q)BO, ENSO, IOD, NAO, AO, … 
・ Semiannual： Solar radiation, ITCZ (Hadley cell border) 
・ Intraseasonal:  Super cloud clusters (20-60 days) 
・ Cloud clusters / Equatorial (trade-wind) waves  (3-5 days: Jawanese calender)
・ Strong diurnal variations 

 Strong localities ⇒ Spatial representability of observational data 
・ Super cloud clusters： ～ Equatorial deformation radius (～1000 km) 
・ Diurnal sea-land / mountain-valley circulations： 10 ~ 1000 km！

・ Cloud clusters:  ～100 km
・ Individual convective clouds： 1～10 km

Characteristics/Problems of Equatorial Tropics



https://www.jstage.jst.go.jp/article/jmsj1965/44/1/44_1_25/_article



Wave types and 
characteristics

 Rossby waves are  
longer period   

 Gravity waves are 
shorter period 
(filtered out under 
extratropical quasi-
geostrophic 
approximation) 

 Equatorial (Kelvin 
and Rossby-gravity) 
waves (mentioned 
later)

 Sound waves have 
been filtered from 
basic equations 
(Boussinesq or 
anelastic
approximations) 

ω

k



Meaning of waves and special cases near equator
 3 conservation laws (equations) 

for 3 variables (1 velocity vector: 3 comp. (zonal, meridional, vertical), 
2 thermodynamic variables: pressure, temperature)  

- Mass conservation (Euler’s eq. of continuity) 
- Angular momentum vector conservation (Newton’s eq. of motion)  (3 comp.)
- Entropy conservation (1st law of thermodynamics) 

(density may be given by an equation of state (ideal gas)) 

 5 scaler equations → “in general” 5 roots for a given initial/boundary conditions
- 2 roots corresponding to sound (elastic) waves 
- 2 roots corresponding to gravity (buoyancy) waves 
- 1 root corresponding to geostrophic mode (planetary (Rossby) waves) 

 Shallow water (Boussinesq) approximation: 
Vertical eq. motion → “hydrostatic equilibrium” (no time variation) 
Continuity / thermodynamic equations → 1 equation giving “buoyancy” 

- 2 roots for east-/westward propagating gravity (buoyancy) waves 
- 1 root for geostrophic mode (westward propagating planetary (Rossby) waves)    

 Equatorial region (with vanishing Coriolis force): 
- A limiting form for eastward gravity wave → Kelvin wave 
- An intermediate form → Mixed Rossby-gravity (Yanai) wave 



History of gravity (buoyancy) wave theories  

 Newton (1687) , … , Euler (1757, 1761): water waves

 Laplace (1776, 1788), Lagrange (1781, 1786): “shallow” (“long”) water waves with phase speed with 𝑔ℎ

for gravity acceleration 𝑔 and depth ℎ

 Cauchy (1815, 1827), Poisson (1818): derived “deep” (or “short”) water waves with dispersion relation 
𝜔ଶ = 𝑔 𝑘ଶ + 𝑚ଶ (𝜔: frequency, (𝑘, 𝑚): horizontal & vertical wavenumber) 

 Russell (1838): Solitary (nonlinear) waves 

 Airy (1841, 1845): Completed linear theory including tides

 von Helmholz (1868, 1888), Thomson (Lord Kelvin)(1871): Shear instability waves  

 Thomson (Lord Kelvin)(1879, 1880): Coastal waves

 Thomson (Lord Kelvin)(1882), …, Haurwitz (1937) : Atmospheric tides 

 Emden (1907), Väisälä (1925), Brunt (1927): Buoyancy oscillation (high-frequency cut-off) 

 Lamb (1908, 1910), Sano (1913), … : Acoustic gravity waves (compressible)

 Benard, Rayleigh, ….., Asai, Ogura : Convection 

 Inertial oscillation and inertio-gravity waves 

 Scorer (1949), … : Lee (mountain) wave

 Eliassen & Palm (1961): Wave momentum flux 

 Matsuno (1966), Longuett-Higgins : Equatorial waves 

 Bretherton (1966, 1967, 1969): Critical layer 

 Kato (1966), Lindzen (1966): Negative modes (external waves)  

 Orlanski (1969), … Lindzen (1981), Matsuno (1982):: Wavebreaking and mean-flow interaction 

 McIntyre & Andrews (1976, 1978), Uryu (1978), …: Quasi-Lagrangian theory  

(Craik, 2004, Ann. Rev. Fluid. Mech.; Matsuno, 1982, Tenki) 



Lagrangian motion associated with Eulerian wave 

(Lighthill, 1978)

Acehnese dance (http://www.tufs.ac.jp/ts/personal/aoyama/courses/studyabroad2005.html)



Kelvin-Helmholtz 
(shear) Instability 
and Wavebreaking

(Hokusai Katsushika, 1833)

(Klaassen and Peltier, 1985)



Internal Gravity Waves (negligible rotation)

Almost no shear

(Corby, 1954)

Low-level weak shear Breaking lee waves and in a low-level jet

Lee waves and in a shear flow



“inertio-gravity” waves

.



(Cadet & Teitelbaum, 1979; USNS-R/V Vanguard at 8.5ºN over the Atlantic) (Sawyer, 1961; Crawley, UK; 51.1ºN)

Intensive radiosonde observations of internal (inertio-)gravity waves 
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Example of Inertio-Gravity Waves (2) Equatorial Pacific rawinsonde obs
from res.vessel “Hakuhomaru”

(Ogino et al., 1995)



Profilers vs balloons 

(First gravity wave observations with a UHF (430 MHz) radar at Arecibo, 
Puerto Rico (18.3ºN) in 1979, analyzed by Sato & Woodman, 1980) 

(First one-week continuous operation of Kyoto University’s MU radar 
(VHF, 46.5 MHz) at Shigaraki, Japan (34.9ºN) in 1985 (Yamanaka, 1987), 

Detailed analysis published finally by Ushimaru & Tanaka, 1990) 

 High time resolution, continuity   ⇔ High vertical resolution, up to stratopause
 Almost vertical sounding              ⇔ Possible quasi-Lagrangian sounding
 RASS Tv, turbulence parameters  ⇔ Direct p, T, q; instrumental gondoras
 Almost unmanned operation         ⇔ Low cost, transportable 

Serpong MWR/BLR (1992); Kototabang BLR (1998) EAR (2001)
(Kyoto U, BPPT, BMKG, LAPAN)

JMA-WINDAS (2000)
33 stationsMU radar (1984)  



Example of Internal 
Inertio-Gravity 

Waves (1)

Wind profiler (MUR)
obs. in Japan

(Yamanaka et al., 1996)



Rossby Waves 
(Planetary Waves)

Note: In the mid-latitude troposphere, baroclinic instability (extratropical cyclones) is dominant

(Holton’s texbook)

(Rhines’ overview)



Planetary (Rossby) waves (equatorially trapped)
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Global abnormal weather due to 
Rossby wave propagation forced at 

the equator (“Teleconnection”)

(Nitta, 1987) (Wallace, 1981)

(Hayashi,  1987)
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(Gill, 1966)



Equatorial (Kelvin and Rossby-Gravity) Waves



(reprinted in Philos. Mag., 1880)

Coastal Kelvin Waves 
in oceans, lakes and 

channels 

(Endoh & Okumura, 1989, 
Jpn.J.Limnol.)



Kelvin waves:  Coastal & Equatorial
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Carl-Gustaf Arvid Rossby
(1898 – 1957)

Michio Yanai （柳井迪雄）
(1934 – 2010)

(http://web.atmos.ucla.edu/~yanai/)
(http://sok.riksarkivet.se/sbl/bilder/
6953_7_030_00000575_0.jpg)



Equatorial Forcing and 
Atmospheric Response

 Stationary modes
- Zonally uniform (k＝0 or Zonal mean)   

Symmetric ⇒zonal Hadley cells (ITCZ)
Anti-symmetric  ⇒ “Monsoon”  

- Cyclic/isolated 
⇒ Zonal (Walker) circulations

(Matsuno-Gill patterns)
Teleconnections

Rossby-wave propagation 

 Traveling modes
- Eastward along equator (Kelvin)  

⇒ IntraSeasonal variations
(Madden-Jullian Oscillation, etc.)

 Regional/Local modes (gravity waves)  
⇒ Sea-Land (Mountain-Valley) 

breeze circulations
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Subtropical H zone

Heating ITCZ

(Recalculated from Gill, 1980)

(Recalculated from Matsuno, 1966)

Daytime                             Nighttime        



n = 0

n = 1

n = 3

Horizontal convection 
or waves trapped along 

equator or coastline  

↑
Equator  or coastlone

(Matsuno, 1966, for equatorial 
nonzero zonal wavenumber case)



Hadley cell by zero-zwn Kelvin and Rossby waves

East →

North →

North
↑

Up
↑

Trade wind zones are separated in the both sides of ITCZ. 

＝

＝

＋

＋



Matsuno-Gill pattern and Hadley-Walker circulations



Meridional (Hadley) and Zonal (Walker) Circulations

DJF

JJA

LN

EN

(North-south shift by annual cycle)

(East-west shift by ENSO)



5.3. Atmosphere-ocean interaction and El Niño-southern oscillation (ENSO)



Atmosphere-ocean interaction and El Niño-southern oscillation (ENSO)

 South-American fishermen:  Bad fishery in Christmas season → El Niño

 Walker (1920s) :  Interannual pressure/monsoon variation → Southern oscillation 

 Oceanographers, ichthyologists:  Water temperature warming → plankton extinction 

 Bjerknes (1969) :  Atmosphere-ocean interaction → El Niño-southern oscillation (ENSO)

 Convection center/warm water shift: 1/4 equatorial circle  (IMC → central Pacific)

(Russell , 2004)



http://apollo.lsc.vsc.edu/classes/met130/notes/chapter10/graphics/sst_9798_animated.gif

Strongest (1997–98) El Niño so far observed 



http://dx.doi.org/10.1175/1520-0493(1969)097<0163:ATFTEP>2.3.CO;2

Jacob Aall Bonnevie Bjerknes (1897 – 1975)
(http://docs.lib.noaa.gov/rescue/Bibliographies/Bjerknes/Bjerknes_July_2004.htm)



Interannual Variation 
of Walker Circulation

El Nino

La Nina

Indonesia South America

Note:  
Based on NCEP reanalysis with  
almost  no Indonesian data. 



(1999), Nature



Indian Ocean dipole mode (IOD) & El Niño-southern oscillation (ENSO)

E: El Nino,       : Positive IOD
L: La Nina,      : Negative IOD

Jakarta (9 stations) in the dry season (ASO)  

Rainfall amount
Rainfall days
Heavy rainfall days

Padang monthly rainfall

(Hamada, Yudi, Tien et al., 2008, JMSJ)

(Hamada, Urip, Sopia et al., 2012, SOLA)



El Niño    and    El Niño “Modoki” 

http://www.jamstec.go.jp/frcgc/research/d1/iod/enmodoki_home_s.html.en

SST anomaly 

Rainfall anomaly 
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Index based on observations (NOAA)   
http://www.esrl.noaa.gov/psd/enso/mei/

Numerical prediction (JMA)
https://www.data.jma.go.jp/gmd/cpd/elnino/kanshi_joho/kanshi_joho1.html/

El Niño-Southern Oscillation (ENSO)
1982-83 1997-98

2014-16

Numerical prediction (JAMSTEC/SINTEX-F)
http://www.jamstec.go.jp/frcgc/research/d1/iod/e/seasonal/outlook.html



Global abnormal weather due to 
Rossby wave propagation forced at 

the equator (“Teleconnection”)

(Nitta, 1987) (Wallace, 1981)

(Hayashi,  1987)

L

L

(Gill, 1966)



IOD effects (boreal summer/autumn) El Nino effects (boreal summer/autumn)

Global / local   effects of   IOD / ENSO 

Hot Cold Rainy Dry

SST/rainfall for 2015-16 El Niño (SINTEX-F/JAMSTEC)



(R. Hidayat, 2013)

Forest fires - transbounbdary haze (1994, 1998, 2006, 1205)
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Sep 2019

Oct 2019

CO (correlated with PM) distribution (ECMWF)

Aug 2019

Sea surface temperature (JMA)

Aug 2019

Sep 2019

Oct 2019

End of El Nino. Return of cold water to off Peru. 

No return of warm water to IMC 
(El Nino modoki)

Cold eastern Indian Ocean
(Dipole mode)

Warm water returning gradually to IMC
(Approach to normal rainy season)

Australia going to summer 

Fires in South America and 
Africa weakened

Peak of  IMC fire

IMC fire weakned



http://faculty.washington.edu/kessler/ENSO/soi-shade-ncep-b.gif

Southern Oscillation Index  (Tahiti-Darwin pressure difference; 1 year smoothed)
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http://www.esrl.noaa.gov/psd/enso/mei/ts.gif

(Moy et al, 2002)
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Centennial/Millennial/Holocene global climate variations and ENSO




