
5. Atmospheric waves

5.1. Classification of waves in geophysical fluids near equator 
5.2. Zonal-vertical (Walker) circulation
5.3. Atmosphere-ocean interaction: ENSO (and IOD) 
5.4. Wave-mean flow interaction: QBO (and SAO) 

 Horizontal (in particular, zonal) homogeneity 
→ waves/oscillations (with sufficiently small amplitudes and zero zonal mean)

 Quasi-periodic forcings:  solar annual/diurnal cycles, continental distribution (with IMC) 
 Small amplitude → Equation linearization 

→ Orthonormal (Fourier-Laplace, cylindrical, spherical) expansions
→ Normal (one-dimensional) differential or algebraic equations  
→ General (fundamental) solutions and wave dispersion relations (classification)

 Merits of linear wave theory application to atmospheric/oceanic phenomena: 
- Predictability (period, wavelength) 
- Energy/momentum budget  

Governing equaƟons → Wave soluƟons 
→  Dispersion relaƟons (of frequency & wavenumbers)

Polarization relations (of amplitudes of u, v, w, T, φ)

q

cos 𝑘𝑥 ൅ 𝑚𝑧 െ 𝜔𝑡



Variabilities of climate and weather

Annual mean – Vertical/Meridional dependencies

Shorter/smaller-scale variabilities 
– Waves and convections/clouds

Longer/larger-scale variabilities 
– Annual/Interannual variations 

narrow meaning of “waves”

Broader meaning of “waves” : including convections and longer/larger variabilities



Periodical phenomena: Circular motion, Pendulum oscillation, Waves
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Twice differentiation of 
trigonometric function 
is the original function 
with opposite sign.

Displacement y

Period T
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Time t

Unit circle and trigonometric functions
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Phase speed c = L/T
“Wave equation”
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“Dispersion relation” by substituting 
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into the wave equation: 
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“Fourier expansion”: 
Any data may be expressed by waves

Initial 
excitation

Waves: Oscillations both in time and in space
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l, m, ω: same sign
Phase: up-/north-ward
Energy: down-/north-ward

l, m: same; ω: opposite sign
Phase: down-/south-ward
Energy: up-/south-ward

l, ω: same; m: opposite sign
Phase: down-/north-ward
Energy: up-/north-ward

m, ω: same; l: opposite sign
Phase: up-/north-ward
Energy: down-/north-ward



Quasi-Stat. Conv.( |Westward| ＝ |Eastward|)
Stationary convection

Eastward component
ψ＝ cos (kx＋mz－ωt) 

－cos (kx＋mz－ωt)
＝－2 sin (kx－ωt) sin mz

Westward component
ψ＝ cos (kx＋mz+ ωt) 

－cos (kx＋mz+ ωt) 
＝－2 sin (kx＋ωt) sin mz

( |Wetward| ＞ |Eastward| )
Westward traveling convection

|Westward| ＜ |Eastward|
Eastward traveling convection



Fourier expansion: 
Any fluctuations are the sum of waves 

https://en.wikipedia.org/wiki/Fourier_transform

Jean-Baptiste Joseph 
Fourier (1768 – 1830)

Many software applications:  MATLAB, EXCEL, etc. 



Lagrangian motion associated with Eulerian wave 

(Lighthill, 1978)

Acehnese dance (http://www.tufs.ac.jp/ts/personal/aoyama/courses/studyabroad2005.html)



Kelvin-Helmholtz 
(shear) Instability 
and Wavebreaking

(Hokusai Katsushika, 1833)

(Klaassen and Peltier, 1985)



https://www.jstage.jst.go.jp/article/jmsj1965/44/1/44_1_25/_article



Wave types and 
characteristics
 Rossby waves are  

longer period   
 Gravity waves are 

shorter period 
(filtered out under 
extratropical quasi-
geostrophic 
approximation) 

 Equatorial (Kelvin 
and Rossby-gravity) 
waves (mentioned 
later)

 Sound waves have 
been filtered from 
basic equations 
(Boussinesq or 
anelastic
approximations) 

ω

k



Internal Gravity Waves (negligible rotation)

Almost no shear

(Corby, 1954)
Low-level weak shear Breaking lee waves and in a low-level jet

Lee waves and in a shear flow



�inertio-gravity�waves

.



(Cadet & Teitelbaum, 1979; USNS-R/V Vanguard at 8.5ºN over the Atlantic) (Sawyer, 1961; Crawley, UK; 51.1ºN)

Intensive radiosonde observations of internal (inertio-)gravity waves 

T
u

v



Example of Inertio-Gravity Waves (2) Equatorial Pacific rawinsonde obs
from res.vessel “Hakuhomaru”

(Ogino et al., 1995)



Profilers vs balloons 

(First gravity wave observations with a UHF (430 MHz) radar at Arecibo, 
Puerto Rico (18.3ºN) in 1979, analyzed by Sato & Woodman, 1980) 

(First one-week continuous operation of Kyoto University’s MU radar 
(VHF, 46.5 MHz) at Shigaraki, Japan (34.9ºN) in 1985 (Yamanaka, 1987), 

Detailed analysis published finally by Ushimaru & Tanaka, 1990) 

 High time resolution, continuity   ⇔ High vertical resolution, up to stratopause
 Almost vertical sounding              ⇔ Possible quasi-Lagrangian sounding
 RASS Tv, turbulence parameters  ⇔ Direct p, T, q; instrumental gondoras
 Almost unmanned operation         ⇔ Low cost, transportable 

Serpong MWR/BLR (1992); Kototabang BLR (1998) EAR (2001)
(Kyoto U, BPPT, BMKG, LAPAN)

JMA-WINDAS (2000)
33 stationsMU radar (1984)  



トンガ海底⽕⼭噴⽕（直後の衛星動画）
https://twitter.com/Takki_Sapporo/status/1482381947548
897286

トンガ海底⽕⼭噴⽕（朝⽇新聞）
https://www.youtube.com/watch?v=bsXO4NXoOGI

⼤気中の波（ラム波）の伝播（理化学研究所）
https://www.yomiuri.co.jp/stream/article/19346/

他の⽕⼭・海底⽕⼭噴⽕動画等（国⽴情報学研究所）
http://agora.ex.nii.ac.jp/digital-typhoon/volcano-eruption/

2022年1月15日 南太平洋トンガ付近の海底火山噴火による海洋・大気波動



Rossby Waves 
(Planetary Waves)

Note: In the mid-latitude troposphere, baroclinic instability (extratropical cyclones) is dominant

(Holton’s texbook)

(Rhines’ overview)



Planetary (Rossby) waves (equatorially trapped)
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Global abnormal weather due to 
Rossby wave propagation forced at 

the equator (“Teleconnection”)

(Nitta, 1987) (Wallace, 1981)

(Hayashi,  1987)
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L

(Gill, 1980)



Equatorial (Kelvin and Rossby-Gravity) Waves



(reprinted in Philos. Mag., 1880)

Coastal Kelvin Waves 
in oceans, lakes and 

channels 

(Endoh & Okumura, 1989, 
Jpn.J.Limnol.)



Kelvin waves:  Coastal & Equatorial
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Carl-Gustaf Arvid Rossby
(1898 – 1957)

Michio Yanai （柳井迪雄）

(1934 – 2010)
(http://web.atmos.ucla.edu/~yanai/)

(http://sok.riksarkivet.se/sbl/bilder/
6953_7_030_00000575_0.jpg)



Equatorial Forcing and 
Atmospheric Response

 Stationary modes (Kelvin+Rossby)
- Zonally uniform (k＝0 or Zonal mean)   

Symmetric ⇒zonal Hadley cells (ITCZ)
Anti-symmetric  ⇒ “Monsoon”  

- Cyclic/isolated 
⇒ Zonal (Walker) circulations

(Matsuno-Gill patterns)
Teleconnections

Rossby-wave propagation 

 Traveling modes (Kelvin+Rossby)
- Eastward along equator (Kelvin)  

⇒ IntraSeasonal variations
(Madden-Jullian Oscillation, etc.)

 Regional/Local modes (gravity waves)  
⇒ Sea-Land (Mountain-Valley) 

breeze circulations

East →
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Subtropical H zone
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Subtropical H zone

Heating ITCZ

(Recalculated from Gill, 1980)

(Recalculated from Matsuno, 1966)

Daytime                             Nighttime        





Hadley cell by zero-zwn Kelvin and Rossby waves

East →

North →

North
↑

Up
↑

Trade wind zones are separated in the both sides of ITCZ. 

＝

＝

＋

＋



Equatorial Forcing and 
Atmospheric Response

 Stationary modes (Kelvin+Rossby)
- Zonally uniform (k＝0 or Zonal mean)   

Symmetric ⇒zonal Hadley cells (ITCZ)
Anti-symmetric  ⇒ “Monsoon”  

- Cyclic/isolated 
⇒ Zonal (Walker) circulations

(Matsuno-Gill patterns)
Teleconnections

Rossby-wave propagation 

 Traveling modes (Kelvin+Rossby)
- Eastward along equator (Kelvin)  

⇒ IntraSeasonal variations
(Madden-Jullian Oscillation, etc.)

 Regional/Local modes (gravity waves)  
⇒ Sea-Land (Mountain-Valley) 

breeze circulations

East →

N
or

th
→

Subtropical H zone

HH

HH
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Subtropical H zone

Heating ITCZ

(Recalculated from Gill, 1980)

(Recalculated from Matsuno, 1966)

Daytime                             Nighttime        



Matsuno-Gill pattern and Hadley-Walker circulations

業 時



5.3. Atmosphere-ocean interaction and El Niño-southern oscillation (ENSO)



Atmosphere-ocean interaction and El Niño-southern oscillation (ENSO)
 South-American fishermen:  Bad fishery in Christmas season → El Niño
 Walker (1920s) :  Interannual pressure/monsoon variation → Southern oscillation 
 Oceanographers, ichthyologists:  Water temperature warming → plankton extinction 
 Bjerknes (1969) :  Atmosphere-ocean interaction → El Niño-southern oscillation (ENSO)
 Convection center/warm water shift: 1/4 equatorial circle  (IMC → central Pacific)

(Russell , 2004)



http://apollo.lsc.vsc.edu/classes/met130/notes/chapter10/graphics/sst_9798_animated.gif

Strongest (1997–98) El Niño so far observed 



http://dx.doi.org/10.1175/1520-0493(1969)097<0163:ATFTEP>2.3.CO;2

Jacob Aall Bonnevie Bjerknes (1897 – 1975)
(http://docs.lib.noaa.gov/rescue/Bibliographies/Bjerknes/Bjerknes_July_2004.htm)



Interannual Variation 
of Walker Circulation

El Nino

La Nina

Indonesia South America

Note:  
Based on NCEP reanalysis with  
almost  no Indonesian data. 



Oceanic wave propagation and ENSO

Rossby wave Kelvin wave
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Global abnormal weather due to 
Rossby wave propagation forced at 

the equator (“Teleconnection”)

(Nitta, 1987) (Wallace, 1981)

(Hayashi,  1987)

L

L

(Gill, 1966)

Intensified 
Pacific high  
inducing  
hot summer
in Japan

Intensified  
high and low   
inducing  
cold winter
in south US



Indian Ocean dipole mode (IOD) & El Niño-southern oscillation (ENSO)

E: El Nino,       : Positive IOD
L: La Nina,      : Negative IOD

Jakarta (9 stations) in the dry season (ASO)  

Rainfall amount
Rainfall days
Heavy rainfall days

Padang monthly rainfall

(Hamada, Yudi, Tien et al., 2008, JMSJ)

(Hamada, Urip, Sopia et al., 2012, SOLA)



(1999), Nature



El Niño    and    El Niño “Modoki” 

http://www.jamstec.go.jp/frcgc/research/d1/iod/enmodoki_home_s.html.en

SST anomaly 

Rainfall anomaly 



(Ashok and Yamagata, 2009, Nature)



IOD effects (boreal summer/autumn) El Nino effects (boreal summer/autumn)

Global / local   effects of   IOD / ENSO 

Hot Cold Rainy Dry

SST/rainfall for 2015-16 El Niño (SINTEX-F/JAMSTEC)



(R. Hidayat, 2013)

Forest fires - transbounbdary haze (1994, 1998, 2006, 1205)
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Sep 2019

Oct 2019

CO (correlated with PM) distribution (ECMWF)

Aug 2019

Sea surface temperature (JMA)

Aug 2019

Sep 2019

Oct 2019

End of El Nino. Return of cold water to off Peru. 

No return of warm water to IMC 
(El Nino modoki)

Cold eastern Indian Ocean
(Dipole mode)

Warm water returning gradually to IMC
(Approach to normal rainy season)

Australia going to summer 

Fires in South America and 
Africa weakened

Peak of  IMC fire

IMC fire weakned



Index based on observations (NOAA)   
http://www.esrl.noaa.gov/psd/enso/mei/

1982-83 1997-98
2014-16

El Niño-Southern Oscillation (ENSO)
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Prediction (JMA)
https://www.data.jma.go.jp/gmd/cpd/elnino/kanshi_joho/kanshi_joho1.htmlE
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SST and precipitation anomalies predicted by SINTEX-F/JAMSTEC
https://www.jamstec.go.jp/aplinfo/sintexf/e/seasonal/outlook.html



http://faculty.washington.edu/kessler/ENSO/soi-shade-ncep-b.gif

Southern Oscillation Index  (Tahiti-Darwin pressure difference; 1 year smoothed)
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Interannual Variations of Wind over Indonesia

El Nino Ｅｌ ＮｉｎｏWesterly Burst Westerly Burst

（Okamoto, Yamanaka et al., 2003b)

5.4. Wave-mean flow interaction and quasi-biennial oscillation (QBO)



(Otobe, Sakai, Yoden & Shiotani, 1998)
https://www2.nagare.or.jp/mm/98/otobe/index_ja.htm

Cells appear over the whole layer without mean flow
(Bottom-only large viscosity is impossible in labo. exp.)

QBO needs bidirectional waves

https://www.geo.fu-berlin.de/en/met/ag/strat/produkte/qbo/index.html

(Plumb & McEwan, 1978)

(Wallace, 1973; originally by Reed)

“Period”:   9 years/4 cycles ≒ 27months  ← Wave momentum flux 
Zonal wind “amplitude”  ← Wave phase velocity  (East/west Bidirectional)

”disruption” ?
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Ψ＝cos (kx－mz－ωt)－cos (kx＋mz＋ωt)
＝ 2sinkx sin(mz ＋ωt)

Bottom (viscid condition: u,w = (∂/∂z,－∂/∂x)Ψ=0 at z = 0) ⇒ Bidirectional waves ＝ cells in the troposphere 

＋ ＝

Top (radiative condition: group velocity ∂ω/∂m > 0 at z = ∞) ⇒ Upward propagating wave must be selected 
Frequency of gravity waves: 
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Amplification with density decrease
or vertical wavelength 2π/𝑚 decrease

(Damping with eddy viscosity (breaking)
or viscosity/radiational cooling) 

“Critical level” for waves with phase speed 
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In 𝜕𝑢 /𝜕z > 0, c = ω/k > 0
is amplified and absorbed

ψ＝ cos (kx＋mz＋ωt) 

In 𝜕𝑢 /𝜕z < 0, c = －ω/k < 0
is amplified and absorbed
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Wave momentum makes mean wind profile downward.
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Equatorial Forcing and 
Atmospheric Response

 Stationary modes (Kelvin+Rossby)
- Zonally uniform (k＝0 or Zonal mean)   

Symmetric ⇒zonal Hadley cells (ITCZ)
Anti-symmetric  ⇒ “Monsoon”  

- Cyclic/isolated 
⇒ Zonal (Walker) circulations

(Matsuno-Gill patterns)
Teleconnections

Rossby-wave propagation 

 Traveling modes (Kelvin+Rossby)
- Eastward along equator (Kelvin)  

⇒ IntraSeasonal variations
(Madden-Jullian Oscillation, etc.)

 Regional/Local modes (gravity waves)  
⇒ Sea-Land (Mountain-Valley) 

breeze circulations

East →

N
or

th
→

Subtropical H zone

HH

HH

L

L

L

L

L

L

Subtropical H zone

Heating ITCZ

(Recalculated from Gill, 1980)

(Recalculated from Matsuno, 1966)

Daytime                             Nighttime        



Diurnal-cycle sea-land breeze circulation: observation and mechanism

Temperature contrast: Stronger on land / weaker on sea with interannual variations (ENSO/IOD)   
↓

Sea-land breeze circulation ＝ Bidirectional (land-/sea-ward) gravity waves + global diurnal tide

Land      Sea    

Land breeze       Cool 

Land      Sea    

Sea breeze         Warm

Sea Breeze Sea Breeze Sea Breeze

Wind profiler (BLR) minutely at Serpong (1993–99, 2001–02) (Araki et al., 2006) 

Pilot balloons 
launched hourly 
at Batavia (1905–15) 
(van Bemmelen, 1922) 

𝜃 ൌ 𝜃଴ െ 𝜃ଵ  ሺsin 𝑘𝑥 ൅ 1ሻ sin𝜔𝑡 ൌ 𝜃଴ െ
𝜃ଵ
2 cos 𝑘𝑥 െ 𝜔𝑡 െ cos 𝑘𝑥 ൅ 𝜔𝑡 ൅ 2 sin𝜔𝑡      𝑎𝑡  𝑧 ൌ 0,

𝜃



40-year (1981–2020) mean longitudinally 30° high-passed anomalies of 
daily-mean surface wind and horizontal divergence (cold color: ascending)

Africa                         Maritime Continent                   South America
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(Yamanaka and Ogino, 2023, in preparation)



Comparison between ‘unreported’ radiosondes at Bengkulu and JRA-55 

Zonal wind
Troposphere: well-reproduced  
Stratosphere: vertically coarse

Diurnal gravity waves underestimated → Large-scale waves overestimated？

Temperature
Troposphere: very accurate  
Surface topography: coarse 

Anomaly from daily-mean
Temperature: much weaker 
Wind: 60% 



Propagation of coastal bidirectional gravity waves in JRA-55

Zonal wind LT anomaly
along Equator in Jan 2000
from JRA-55

30°-longitudinal-highpassed mean LT anomaly of zonal-vertical wind (vectors)
and their product (contours) along Equator in JRA-55
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(Yamanaka and Ogino, 2023, in preparation)



Diurnal gravity waves in JRA-55 Longitudinally 30° high-passed diurnal anomaly uʼ  (Jan 2000, Eq, 23.7 km)
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Long.30° h-p diurnal anom. uʼ at 12 UT (Jan 2000-mean, Eq, 23.7 km)
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Longitudinally 30° high-passed diurnal anomaly wind & hor.conv. at 12 UT  
(Jan 2000-mean, 5°S–5°N, 80–160°E; Ascending over cold color) 
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(Yamanaka and Ogino, 2023, in preparation)



Zonal-mean equatorial zonal wind and “diurnal wave” mom.flux div. (JRA-55)
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QBO-composite zonal wind and mom.flux div.
Contour： 𝑢 (every 10 m/s, solid: westerly)
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𝜌𝑢ᇱ𝑤ᇱ (Warm: eastward)

→ about 30 % of mean zonal acceleration 

QBO “collapse”?

QBO-composited zonal wind (contours every 10 m/s, westerly solid) and diurnal-cycle wave momentum flux (warm eastward)

Objective reanalysis data: https://jra.kishou.go.jp/JRA-55/index_en.html

(Yamanaka and Ogino, 2023, in preparation)



CDC land-sea temperature 
contrast remarkableness

↓
GW momentum flux intensity

↓
QBO period shortening

ΔT:  ー10%

 Land-sea temperature contrast ΔT
varying with land conditions and 
oceanic interannual/intraseasonal 
variations (ENSO, IOD, MJO).

 No QBO if ΔT < －40%. 

 Double periodicity if ΔT > ＋40%．

ΔT:  ー20%

ΔT:  ー40%

ΔT:  ＋10%

ΔT:  ＋20%

ΔT:  ＋40%
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Application of 
Plumb’s (1977) model



Westward GW Eastward GW

Stationary
(orographic) GW

(January from CIRA, 1986)

Gravity waves and middle atmosphere dynamics in 1980s

(Yamanaka et al., MSJ Meeting, Oct 1983)Winter                Summer

Balloons for Solar Eclipse, 11 Jun 1983 at Watukosek, Jawa Timur
(NAO, ISAS (now JAXA), LAPAN (now BRIN); started in 1981)

 Stationary waves generate weak wind layer
 Traveling waves generate inverse wind layer

THERMOSPHERE

Winter                   Summer

Summer                 Winter

Mid-latitudes

Stationary
(orographic) GW

Equatorial region: 
How generate equi-amplitude 
bi-directional waves steadily?

(Tanaka & Yamanaka, 1985, JMSJ)


